ABSTRACT. Recent research uses second harmonic waves caused by material nonlinearity to characterize fatigue damage in its early stages. This research investigates this second harmonic Lamb wave generation analytically, using a solution derived by De Lima, in order to provide infonnation on the efficient generation and detection of a second harmonic amplitude for improved signal-to-noise ratio in measurements. Symmetry properties of the second harmonic wave are also clarified, since the published literature is contradictory.
INTRODUCTION
While linear ultrasonic NDE has its main application in the detection of macroscopic damage such as flaws and cracks, noulinear ultrasonic waves have been successfully used to characterize materials in their early futigue life [1, 2] . This is made possible by the fact that nonlinear, as opposed to linear, material properties are much more sensitive to changes in the microstructure. Since the material's nonlinearity increases with increasing fatigue life, nonlinear effects such as second harmonic generation become stronger, and can be used as an indicator of accumulated fatigue damage.
Second harmonics are waves that propagate at twice the excitation frequency. They can arise due to material nonlinearity and are explained by considering the quadratic approximation of the nonlinear boundary value problem, as opposed to the linear approximation in linear theory. The use of second harmonics compared to higher harmonics is justified by the fuel that the latter ones are much smaller in amplitude than the second harmonic, whose amplitude itself is very small when compared to the linear portion of the wave at the excitation frequency.
Theories on noulinear wave motion are needed, in order to facilitate measurements of second harmonics and to intexpret measured data physically. While theoretical publications on the nonlinear behavior of elastic bulk and surface waves appeared early. the development of an applicable theory for Lamb waves in plates turned out to be more difficult because of the dispersive behavior of guided waves. De Lima et al. [3, 4] first developed an analytical solution for the second harmonic generation in wave guides using perturbation and a modal expansion method. Shortly after, Deng [5] followed, using the same approach. These solutions will be explained in the following section. Surprisingly, De Lima et al. [3] and Deng [5] contradict each other with regard to the symmetry properties of the second harmonic wave. This manuscript intends to clarifY this issue, since knowledge about the symmetry properties are important as to the choice of the excitation mode.
From De Lima's solution, two necessary conditions for practical applications are concluded, since the second harmonic wave is internally resonant and shows a linearly growiog amplitode in this case. These conditions are phase velocity matching and nonzero power flux to the second harmonic wave. Moreover, group velocity matching is required when considering finite signals. The final section analyzes and evaluates the modes satisfying these conditions with regard to second harmonic generation and practical issues, such as excitability and ease of measurement, in order to find modes and excitation frequencies, which are most effective for second harmonic generation.
SECOND HARMONIC GENERATION OF LAMB WAVES
This section provides a short sketch of the solution to the nonlinear wave motion in an inifinte, nonlinear elastic, stress-free, homogeneous, and isotropic plate, which is derived by De Lima et al. [3] . The corresponding noulinear bouudary value problem is given in terms of displacements by
where S contains all noulinear terms of the first Piola-Kirchhoff stress, and the boundary condition
where IIy is the outward unit normal vector to the surface in the reference configuration and sL the linear portion of the first Piola-Kirchhoff stress. The other variables introduced are defined in Tab. 1. Fig. 1 shows the choice of the coordinate system. A pertorbation of the displacement field (3) with pertorbation condition 
solution.
Therefore, the primary solution is given by the linear Lamb mode theory, as presented for example in Graff [6] . This solution takes the form (5) where K is the Lamb wave number and 0) the angular frequency. For symmetric modes, the displacement components are
with longitudinal wave speeder. = v'(;t +2/l)/p, shear wave speed or = v'/l/p, in1aginary unit i, and an arbitray amplitude constant D. Antisymmetric modes are similar to Eq. (6).
The difference is the y-symmetry of the mode. For a symmetric (antisymmetric) mode, iiy is antisymmetric (symmetric) and iiz is symmetric (antisymmetric) iny. Also, Lamb modes follow characteristic dispersion relations, which are tan{3h tanah for symmetric modes, and similar for antisymmetric modes [6] . The phase velocity is defined for future reference.
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The secondary solution associated with the second harmonic wave is wtitten as 
determines how strong the nth mode is generated in the second harmonic wave. A. ---
Primary only, Deng states that the secondary wave is purely symmetric, and thus contradicts De Lima in such that De Lima allows the generation of an antisymme1ric secondary mode using an antisymme1ric primary mode. The current research on this subject leads to the following assertions:
A. The secondary wave is purely symme1ric.
B. Both a symmetric and an antisymme1ric primary mode can generate a symme1ric secondary mode.
The sketch of the proof follows. Defining .9'(y) to be a generic, unspecified symme1ric function in y, and of (y) a generic, unspecified antisymmetric function in y, the above discussion on Lamb modes yields (14)
It is seen by Eq. (6) that a derivative with respect to y changes the y-symmetry from symme1ric to antisymme1ric or from antisymme1ric to symmetric, while a derivative :,yith resp~ to z does not change the y-symmetry properties. Analyzjng all the terms of pw and [flw in Eqs. Concluding from ii = irojj and Eq. (14) that (17) the tenns for the power flux from the primary to the nth secondary mode in Eqs. (12) are computed as follows. If the secondary mode is antisymmetric, one obtains
which means that An(z) = 0 according to Eq. (11). This proves assertion A. If the nth secondary mode is symmetric, the computation yields
so thatAn(z) of 0 in general, proving assertion B. It is noted that Deng [5] concluded assertion A before, but did not state assertion B explicitly. Fig. 3 summarizes the results graphically.
PHASE AND GROUP VELOCITY MATCHING
Assuming nonzero power flux from the primary to the secondary mode, which is demonstrated above to be true if and ouly if the secondary mode is symmetric, the second Another condition is proposed by group velocity matching, meaning that the group velocities of the primary and the secondary mode match. The group velocity is defined by iJ(j) c g = iJl< (20) and represents the propagation velocity of the energy [8] in many cases, when considering finite signals with similar frequencies. The condition is required in order to prevent the primary and the secondary growing mode from seperating locally, which would prohibit continuous power flux from the prinuuy to the secondary mode.
EVALUATION OF MATCHING PAIRS AND CONCLUSION
In order to provide relevant information for experiments, mode pairs satisfying phase and group velocity matching are determined and evaluated with regard to factors influencing excitation and measurements, such as normal displacement at the surface, rate of second harmonic generation, frequency range, etc. A materia1-indepent investigation of the linear Lamb theory shows five types of mode pairs, which match phase and group velocity either exactly or approximately. the most important advantages and disadvantages for each mode pair type. This shows that type (0) presents a good opportunity to achieve a high second harmonic amplitode, while its excitation might be difficult. While modes of type (f) are probably useless due to very high frequencies, the pros and cons between type (C) and (L) counterbalance. Quasi-Rayleigh waves (R) are of interest only in applications where the surface is under consideration. More detailed analyses will be published elsewhere [9, 10j. 
